Abstract: In this paper, we calculate the dimension of the J-anti-invariant cohomology subgroup H − J on T 4 . Inspired by the concrete example, T 4 , we get that: On a closed symplectic 4-dimensional manifold (M, ω), h − J = 0 for generic ω-compatible almost complex structures. (2000): 53C55, 53C22.
Suppose (M, g, J, F ) is a closed almost Hermitian 4-manifold, the Hodge star operator * g gives the well-known self-dual, anti-self-dual decomposition of 2-forms as well as the corresponding splitting of the bundle (see [5] ):
Since the Hodge-de Rham-Laplace operator commutes with * g , the decomposition (1.5) holds for the space H g of harmonic 2-forms as well. By Hodge theory, this induces cohomology decomposition by the metric g: A symplectic structure on a differentiable manifold is a nondegenerate closed 2-form ω ∈ Ω 2 . A differentiable manifold with some fixed symplectic structure is called a symplectic manifold. Suppose (M, ω) is a closed symplectic manifold. Let J be the space of all almost complex structures on M and denote by J Remark 1.9. In general, on a closed almost Kähler 4-manifold (M, g, J, ω), we have 0 ≤ h
where the twisted differential d c is defined by d c = (−1) p JdJ acting on p-forms. Hence, we pose the following question: On a closed symplectic 4-manifold (M, ω), is there a ω-compatible almost complex structure J such that h
The rest of the paper is organized as follows. In §2, we make the deformation for the standard complex structure on torus T 4 . By this deformation, we give some interesting results on the standard torus T 4 . Finally in §3 we give the proof of our Main Theorem.
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2 Almost complex structures on T
4
In this section, we calculate the dimension of the J-anti-invariant cohomology subgroup on 4-torus under the deformation of ω-compatible almost complex structures. The following construction is a generalization of Example 2.6 in [19] . This example also explains the fact that the dimension of J-anti-invariant cohomology is not an invariant under the deformation of almost complex structures. 
So J 0 is given by
Equivalently, J 0 may be given by specifying
It is well known that b + = b − = 3. Indeed, we have
Further more, by a direct calculation, we can get
Hence, h 
It is easy to see that
and J is compatible with ω 0 . The corresponding metric is
Direct calculation shows
where
Obviously,
Note that Z and Remark 1.7, we know that both
and
Denote by e i dx i and e
Consider the element e 13 − e 24 which is J 0 -anti-invariant. Since
by Hodge decomposition (cf. pp. 10 in [5] ), we can get
On the other hand, (e 13 − e 24 ) ∧ α 0 = 0, (e 13 − e 24 ) ∧ α 1 = 0 and
(2.2)
. By (2.1) and (2.2), we can get the following equation
(2.3)
Since e 13 − e 24 , ω 2 and α 2 are all closed, d(d
Similarly, we have
where θ 1 , θ 2 ∈ Ω 1 and b
A+1 e 1234 . So 4) and d(d
For a better understanding of the relationship between the cohomologies, please see the following 
By the above example, we have the following theorem:
Theorem 2.2. Let T 4 be the standard torus and (g 0 , J 0 , ω 0 ) be a standard flat Kähler structure on T 4 . Set
Proof of main result
In this section we prove the Main Theorem. Let us first describe the C ∞ -topology on the space J ∞ of C ∞ almost complex structures on M . For k = 0, 1, 2, · · · , the space J k of C k almost complex structures on M has a natural separable Banach manifold structure. The natural C ∞ -topology on J ∞ is induced by the sequence of C k semi-norms · k , k = 0, 1, 2, · · · . With this C ∞ -topology, J ∞ is a Fréchet manifold. A complete metric which induces the C ∞ -topology on J ∞ is defined by
For details, see [2, 7] . At first, we will prove the openness statement of Main Theorem. Please see the following proposition (cf. Proof. The proof is similar to the the proof of the openness statement in Theorem 1.1 in [18] . Suppose that J k → J in the Fréchet space as k → ∞ and
We need to prove that h − J ≥ 1. Since J k are ω-compatible almost complex structures with h
It is well known that the L 
As g k → g in the Fréchet topology, there are uniform bounds 0 < a
Without loss of generality, we assume that φ k L 2 (g) = 1. By (3.2) applied for L 2 -norms, we can get that the sequence { φ k L 2 (g k ) } is bounded. Since M is compact and φ k are g k -harmonic, there exists constants c k depending on the third derivatives of g k such that
, the constants c k are uniformly bounded. Thus, the sequence { φ k L 2 2 (g k ) } is bounded. Therefore, applying (3.1)
for L 2 2 -norms, the sequence {φ k } is bounded in L 2 2 (g). Using Sobolev embedding theorem, we can choose a convergent subsequence {φ k1 } of {φ k } such that
Taking the limit of both sides of the above equation, we can get
i.e., φ is J-anti-invariant. In particular, φ is harmonic with respect to the metric g. Hence, φ is smooth by elliptic regularity and h H −,⊥ J,0 with respect to the cup product. We will find that M f j dvol = 0 and f j ≡ 0. Set
Then S J is a sphere of dimension l − 1. Define a function V : S J → R as follows:
Denote by
By the result in [18] (cf. [18, formula (3.5)]), we know that µ J > 0. Note that if h
. Fix a point p ∈ M , the fundamental theorem of Darboux [2] shows that there are a neighborhood U p of p and diffeomorphism Φ from
We can choose U p small enough such that vol(
On the other hand, we konw that g(·, ·) = ω(·, J·). So we can get
here h is a symmetric J-anti-invariant (2, 0) tensor (cf. [11] ). Construct metric
on U p , where
We can extend g ′ k to the whole manifold by g
is an almost Kähler structure on M , and g
we have
, we know that
is a self-adjoint strongly elliptic operator. Hence we can solve the following equations:
By Gilbarg and Trudinger's theory [9] , there exists a unique solution
satisfying Equations (3.8). Therefore,
Henceβ j contains non-trivial elementβ j,k =f j,k ω + P 
where L 1 (x) and L 2 (x) are smooth functions on {|x| ≤ 1 k }. By C. Bär's result (cf. [3] ), the set α
Without loss of generality, we assume V = {|x| ≤ 1 k } and L 1 ≡ 0 on V . We make a rotation for the Darboux coordinates {x 1 , x 2 , x 3 , x 4 } such that
We can find that ω| |x|≤
Define almost complex structure J k as follows:
It is easy to see that J k is compatible with ω. Moreover, on |ξ| ≤ 1 k , we have
which is d-closed. Construct a self-dual 2-form β
is a self-adjoint strongly elliptic operator, β ′ l+1 can be written as Then, by Stokes' theorem and
Moreover, usingβ 
Note that
as ε → 0. It implies that P 
